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ABSTRACT 
This investigation is concerned with the phenomenon of multi-site 
damage (MSD) in fuselage lap joints. Manufacturing defects at the 
fastener holes spread under flight conditions and coalesce together 
causing a reduction ,n the strength of the fuselage. lhe ways with 
which these defects or sma·ll cracks coalesce are analyzed in this work 
by a finite element stress analysis in conjunction with a suitable 
failure criterion that could simultaneously address crack initiation, 
growth and final termination. 
Considered are three distinct MSD patterns observed from the frac-
ture trajectories of the fuselage lap joint. They could be modelled 
by twb eccentrically located holes with cracks of different size and 
orientation. Cases I, II and III can be des.cribed as follows: 
Case I - Two horizontal edge cracks of· equal length emanate from 
two holes. The crack on the left hole is at 3 o'clock position and 
that on the right hole is at 9 o'clock position. 
Case II - A slanted edge crack on the left hole is at 2 o'clock 
position. Another edge crack one-half in length is located on the 
right hole at 8 o'clock position. 
Case III - The crack radiating from the left hole is at 1 o·'clock 
position and the one from the right hole is 5 degrees away from 12 
o'clock in the clockwise direction. The latter crack is only one half 
that of the former. 
-1-
A vertical uniform tensile load with increasing magnitude is applied 
such that the cracks would grow in steps until they coalesce. The ob-
jective 1s to reproduce the three basic MSD patterns found in. the 
failure of fuselage lap joints. 
The work involves discretizing the system by using the twelve (12) 
node isoparametric elements. For each l.oad increment, the· cracks 
would grow and change their direction. This requires remeshinq of the 
grid pattern. Stationary valu·es of the strain energy density function 
are used for determining the location of crack initiation and the 
amount of crack growth in accordance with the material fracture tough-
ness. Ftacture trajectories are assume~ to coincide wi.th the path of 
minimum volume energy density where the dilatational effect would 
override that of the distortional. Cracks· are found to terminate nor-
mal to a free surface, i.e., perpendicular to the hoop str~ss. Repro-
duction of the MSD patterns validates the method of· approach. This 
offers a better understanding on how to specify damage tolerance re-
quirements at the design stage. More reliable prediction on the 
strength of fuselage lap joints could thus be made. 
-2-
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I. INTRODUCTION 
Lap joints have been used extensively in the assembly of struc-
tures. They could be fastened mechanically by bolts, welded or bonded 
using adhesives. Depending on the performance requirements, failure 
analyses could involve only the calculation of critical stresses or 
strains or a detailed account of the local state of affairs. In sit-
uations where. the initial design in;okes the damaqe tolerant concept, 
a knowledge of the subcritical failure states would then be required 
so that service procedures could be established in order to avoid to-
tal destruction of the structure. Th·is is regarded as a sa_fety pre-
c a u t i on .be i n ·g of pr i ma r y con c er n to the a i re r a ft i n du s try . 
Commercial aircrafts are designed for an antic1pated life of 20 
years in addition to limitations imposed on the total number of flight 
hours and landings or flight cycles. Ageing aircrafts are .more prorie 
to structural failure, particularly at locations where cracks continue 
to extend because they are hidden from inspection. One of the most 
dramatic failures of this type i.n recent times is the so referred to 
multi-site damage (MSD) in fuselage lap joints. A case in point is 
the in-flight cracking of a fuselage lap joint on an Aloha 8-737 air-
craft on April 28, 1988. Essentially, this failure occurred due to 
numerous small cracks along a fastener line linking together, causing 
the residual strength of the fuselage to be exceeded under pressuriza-
tion. Similar failures followed and alerted the US Federal Aviation 
Agency to establish numerous committees to investigate the airworthi-
-3-
n e .s s of a g e 1 n g c o mm er c i a l a i re r a ft s w i t h pa rt i 
cu l a r eri p ha s i s on MS D 
[l,2] .. 
What the aircraft industries have learned 1n pa
st years 1s that 
non-destructive inspection does not guarantee t
he detection of a.11 de-
fects. This is because only a portion of the d
amage is protruded on 
the surface while the major damage could be hidden and undete
cted. 
Not enough emphases have been placed on relatin
g surface damage to 
that at the interior. Traditional methodology 
tend·s to be empirical 
and invokes too many oversimplifying assumption
s. The hidden and un-
detected cracks are the most dangerous and thei
r presence could only 
be anticipated by prediction and experience, th
e lack of which have 
bee_n known to be the cause of many past fa i 1 ure
s. 
For high performance structures where safety is
 of primary con-
cern, the damage tolerant concept [3] ha.s been frequent
ly applied at 
the initial stage of design. Efforts are ~ade 
to estimate how a 
structure would withstand defects under service
 conditions. A knowl·-
edge of when and where potential failure would 
occur can be used to 
develop effective inspection procedures. Such 
a goal, however, pre-
sents a major challenge to the stress and failure analysts be
cause 
there lacks a well-established methodology. D
~spite the overwhelming 
amount of publications in the open literature o
n failure prediction 
[4-6], each case, though claiming agreement, has been tr
eated individ~ 
ually and did not offer insight into a deeper u
nderstanding of how to 
characterize failure. A source of the problem 
is the inability of the 
-4-
majority of the failure criteria to )<.m(LltaJZe.oujftr characterize crack 
initiation, subcritical growth and final termination. T
his leaves 
room for arbitrariness when t~o separat~ criteria are ~m
ployed to de-
scribe the same failure. A detailed d~scussion of this c
an be found 
in [7]. 
This thesis deals with the application of ·the strain ene
rgy den~ 
* sity criterion [8] to examine the multiple fracture pattern develo
ped 
from defects or cracks on neighboring fastener holes. T
hese cracks 
are oriented at different locations not coincident with 
the axes of 
geometric or load symmetry. The direction of their grow
th would 
therefor~ change continuously as the load increases in st
eps. Whether 
any of the two crack trajectories would intersect or not depends on 
the crack sizes, their position,. material properties and 
loading con-
ditions. Several configurations are depicted for analys
is; they cor-
respond to the MSD of fuselage lap joints for the 737 and 727 Boeing 
aircrafts. Special attention is given to the modelling o
f the crack 
tip region where the stress or energy intensity is conc
entrated. For 
each step of crack growth, the finite element grid patter
n is remeshed 
and the stress and failure analyses are repeated. Determ
ination of 
the multiple fracture pattern is one of the objectives of this inves-
tigation in addition to the devel·opment of a procedure ·fo
r calculating 
crack trajectories in segments. Reproduced are the MSD configurati.ons 
* Predictidn on the multiple fracture of two cracks initiat
ing from 
dissimilar media and approaching each other has been made
 in [9] by 
application of the same criterion. 
-5-
·observed 1n practice. This 1n retrospect identifies those combina~ 
tions of initial defects on the fasteners with the final fracture pat-
tern. Damage tolerant requirements can thus be enforced for the ini-
tial design of these structures. 
-6-
I I. CRACK INITIATION, GROWTH AND TERMINATION 
Since continuum mechanics theories are not able to address th
e 
phenomena of fracture, additional criteria must be invoked fo
r estab-
lishing the conditions of failure by yielding and/or fracture
. Plas-
ticity invokes the so-called yie.ld condition to distinguish m
~terial 
elements that have deformed permanently from those that could
 return 
to ·their original form. Such an implementation has resulted 
in assum-
ing that the uniaxial stress and strain curve is equivalent 
to the ef-
fecti-ve stress and effective strain cutve leaving out the di
latational 
effects. That 1s, the theory would favor fa_ilure by excessiv
e distor-
tion [10] such as the plastic collapse of structural members. Failu
re 
by fracture on the other hand was treated on its own right an
d became 
a separate discipline known as fracture mechanics [ll ,12]. 
Traditionally, stress and failure analysis are regarded as tw
o un-
rel~ted entities though one is used to establish thresholds o
n the 
other. This- leaves a variety of possibilities as to how fail
ure con-
ditions could be imposed on the stress solution. What has n
ot been 
carefully pointed out in the past is the connection between 
the local 
a n d g l ob a 1 fa i l u re modes . Both the l i mi t a n a l y s i s in p 1 a st i 
ci t y [ l OJ 
and brittle fracture mod~l in fracture mechanics [11~12] pertain to 
global instability. Application of the dan:,age tolerant conc
ept neces-
sitates design for subcritical damage so that cracks or defe
cts could 
be detected and repaired before they lead to catastrophic fai
lure. 
Consistency requires that local and global failure be address
ed by the 
same criterion. 
-7-
2.1 Preliminary Remarks 
Continuum mechanics adopts the view that the real material could 
be idealized as a continuous medium such that it can be divided and 
subdivided into smaller and smaller elements. When disturbed, each 
element 1s said to be stressed or strained. More specifically, each 
unit of the vo-1-ume of the material would be required to store and/or 
transmit certain amount of energy known as the strain energy density. 
The· severity of the changes in the energy density among these elements 
would depend on the structure geometry, materi.al and loading type. 
* Since continuum mechanics theories leave out the size effect ~ sele~-
tion of the element size in numerical analysis is important because it 
would h~v~ a direct bearing on the required accuracy for determining 
the peaks and valleys of the energy density fluctuation. The physical 
significance of these fluctuations has been discussed in [8] with ref-
erence to the s-tationary values of the strain energy density fuhction 
dW/dV. The critical value of this quantity is assumed to be· uniquely 
associated with failure modes at the different scale levels. 
In solid mechanicsi the energy stored 1n a unit volume of material 
is given ·by 
( .. 
lJ 
ddVW = f o . . d·E:·. . lJ lJ 
0 
( 2. 1 ) 
-in which oij and E:ij are respecti·vely, the stress and strain compo-
* The size of all elements is assumed to vanish in the limit. 
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nents. A linear distance r can be introduced to locate the nearest 
neighboring element corresponding to the site of possible failure, 
, . e. , 
dW _ S 
av - r 
'\ 
( 2. 2) 
Here, Sis the strain energy· density factor that rep~esents the area 
under the dW/dV versus r curve as shown in Figure 2.1. A core region 
I 
~ I 
............ 
;: I 
-o. I 
>i I 
.µ 
·r- dW _ ~ , _ __.......-.-_._,__- d V - constant 
QJ 
"'CJ 
>i 
er, 
s... 
QJ 
C 
w 
f- r1 
Core region 
radius r0 
Radial distance r 
Figure 2.1. Variations of volume energy density with distance. 
r
0 
surrounds the location under investigation. It defines the resolu-
tion of the analysis and is usually taken as one order of magnitude 
-9-
smaller than the crack length. Equations (2.l) and (2~2) apply in 
general to any constitutive equations and loadings. In what follows, 
the criterion will be applied to investigate how two cracks would 
start to grow and meet each other sometime later. 
2.2 Hypotheses on Crack Initiation and Growth 
Fracture is a process of material separation that involves crack 
initiation, subcritical or slow growth and final termination. Char-
a.cterization of these features should be described by the same crite-
rion in order to achieve consistency~ As stated in [16-18], the 
strain energy density theory may be stated in terms of three basic hy-
potheses as follows: 
• The location of fracture initiation is assumed to coincide with 
the maximum of minimum strain energy density function 
(dW/dV)m~x_, and yielding with the. maximum of maximum strain en-
min 
ergy density function (~W/dV);:;. 
, Failure by fracture and initiation is assumed to occur when 
(dW/dV)m~x and (dW/dV)maax reach their respective critical val-
min m x 
ues, say (dW/dV)c and (dW/dV)y. 
1 Crack or yield growth increment r1, r 2, etc., is governed by 
s, 
- -
- -. - ... 
-10-
s . 
= _J_ = constant 
r. 
J 
(2.3) 
Unstable fracture of yielding i.s assumed to correspond with 
(dW/dV) and (dW/dV) equ·a1, respectively, to S /r and ·s /r . C y C C y y 
Here, re and ry are the materials ligaments that identify the 
onset of instability by unstabl.e fracture and yielding. 
Limi.ting the discussion to failure by fracture or crack growth, 
it suffices to compute (dW/dV)c from the area under the true stress 
and strain curve. The expres~ion i~ equation (2.2) at inc1pient frac-
ture relates (dW/dV) to S through r . Alternatively, S can be de-e C C C 
termined i.ndependently from fracture toughness testing since Sc is 
connected with K1c: 
s = 
C 
( 1 + v ) ( 1 -2 v ) K:._l') 
2n[ 
C (2.4) 
The procedute outlined by ASTM [13] for measuring Klc applies equally 
well to Sc. Values of Sc for a host of engineering materials can be 
found i.n [14]. 
2.3 Local and Global Statiohary Value~ 
Another salient feature of the strain energy density theory is 
that it applies to any defect, not necessarily a crack. Consider a 
continuum with volume A enclosed by surfacer as illustrated schemat~ 
ically in Figure 2.2. When loaded externally, a different stress or 
energy state will be experienced by each element. Depending on the 
constitutive relation used for a particular material, the ener~ per 
unit volume can be computed from equation (2.1). The assessment of 
-11-
Global 
coordinates 
0 
Volume: ~-
••• 
Y· J 
Local 
coordinates 
~ 
Surface: ;: 
n 
Figure 2.2. Schematic of a continuum system with local 
~nd global reference system. 
dW/dV in .a given element, however, depends on whether the coordinate 
system moves from point to point or is fixed at all times. The former 
will be referred to a lac.al system and the latter a global system. 
Referring to Figure 2.2, local coordinates (x1,y1), (x2,y2), ... 
(x ,yn) can be assign·ed to each point in the regio.n A. It is guaran-
n 
teed that (dW/dV) at each point possesses an unique local maximum 
and minimum with reference to the angle ej (j = 1 ,2, ... ,n) for a fixed 
value of rj. These stationary values will be denoted by [(dW/dV)max\ 
--12-
and [(dW/dV) . ]L, in Figure 2.3. The maximum values of these quanti-
. min · 
ties [(dW/dV)max]L, and [(dW/dV)m~x]L' among many of the minima and max min · · 
•r-
Vl 
C 
QJ 
-0 
~ 
C"' 
~ 
QJ 
C 
w 
0 
dW max 
__ [(dV) ]L 
max 
Angle e. 
. J 
Figure 2.3. Local stationary values of strain energy density 
function. 
maxima, are assumed to coincide with the initiation sites of yielding 
and fracture, respectively, according to the strain enerqy density 
criterion [8]. Alternatively, it is possible to obtain stationary 
values of (dW/dV) wtth respect to Rand a in the global coordinate 
system (X,l). This can be found~ observing the contours of constant 
(dW/dV). A typical schematic of (dW/dV) = constant lines is shown in 
Figure 2.4. 
To illustrate; let A and B be the peaks and C and D the valleys 
such that 
-13-
C A: 
B 
0: 
Figure 2.4. Contours of constant global strain energy density 
function. 
(2.5) 
There are many of such· peaks and valleys in a structural component ex-
perienci.ng nonuniform distribution of dW/dV. It is the greatest of 
all maxima and minima that would be depicted as potential sites of 
·failure by yield and fracture initiation. The subscript G will be 
used to distinguish the global value from the local value. The max-
imum of [(dW/dV)min]G and [(dW/dV)max1G occur at D and A and they will 
-14-
be denoted by [(dW/dV)m~x]G and [(dW/dV)max]G. 
· min max 
2.4 Fracture Trajec·tory and Instability 
In general, [(dW/dV)m~x]L occurs near the site of material imper-min 
fection or an existing defect where failure is most likely to initi.-
ate, say L ,·n Figure 2.5. 
Imperfection 
or 
defect 
------
---
- -- - - - - --
This location can be close to [.(dW/dV)~~~JG 
-¢ 
- _ \ ~--
G 
' L d\~ r.iax 
r ~ [(dV) . Jr; 
""'· /' F m ,n Y' Trajectory of failure 
predicted from S./r. = canst. J J 
Figure 2.5. Locations of maximum local/global stationary 
values of volume energy density. 
at G if the fai.lure is very localized. The distance i between Land G 
depends on loading, specimen geometry and material and should li.e on 
the trajectory of failure by yielding or fracture. It may not coin-
cide with that predicted from equation (2.3) for Sj/rj = canst. be-
cause qf the ways with which the locations L, G and Fin Figure 2.5 
are determined in addition to deviations that are inherent in the nu-
merical calculations. More specifica1·1y, ·Lis found at a finite dis-
-15-
tance from 0, location of the defect 
ttp where G is found from the 
global contours of constant dW/dV. 
Note that OLG do not have to lie 
on the same strai·ght line. The line
 OF on the other hand is deter-
mined from the conditio~ in equation 
(2.3) where r tepresents the i.n-
crement of crack growth at some pred
etermined value of dW/dV in Figure 
2 .. 1 for a given material. The positio
n of OLF is found from the angle 
-G in contrast to LG obtained by loca
ting the point G and then con-
o 
necting. LG. The angle -~ 0 may differ 
from -e 0 . The two 
numerical 
procedures would yield results that a
re close but with a slight dif-
ference although in theory they shou
ld be the same. 
Recognizing the approximations 1n nu
merical analysis, the differ-
ence between LG and OF can serve a use
ful guide in checking the te-
sults, particularly when the predicti
on may involve several segments 
of crack growth. 
For systems that are analyzed increm
entally, failure path would be 
obtained in segments. This is illust
rated fn Figure 2.6:where i 1, i 2, 
etc., are assumed to lie along the p
rospective path of failure approx-
·;mated by segments of straight lines
. As .soon as material_ damage be-
gins, say via crack growth, the dista
nce i will change as the energy 
distribution within the system will 
be altered. Let fj (j = 1~2, ... , 
n) denote distances between Land Gas damag
e spreads in the system, 
Fi.gure 2. 6. If 
(2.6) 
-16-
Imperfection 
or 
defect 
=~ =-= = = =---=--=r 
Failure 
initiation 
site 
£. 
J 
Onset of 
unstable 
failure 
Figure 2.6. Schematic of progressive damage approxi~ated 
by straight line segments. 
then the system becomes progressively unstable and reaches global in-
stability at £c. Conversely, the condition 
£ 1 >· £ 2 > • . . > £ j > • • • > £ C 
(2.7) 
indicates that the system tends to become stable and eventually leads 
to damage arrest. The quan~i~y £j describes not only the local sta-
bility condition of a. system but also determines the onset of global 
i nstabi"l i ty. 
In general, 1 is indicative of the failure stability or instabil-
ity of a system. A system that fails with a smaller 1 would be re-
garded as more stable than a system that fails with a large 1. Its 
-17-
magnitude 1s proportional to the load increment. That is, a large 
increase in load would result in large£. It can also depend on time. 
Application of this concept to an actual structure has been made 1n 
[15-18] where the transition between the termination of subcritical 
failure and onset of global instab·ility were determined. 
-18-
IfI. FINITE ELEMENT APPROACH 
The method of finite element involves discretizing the continuum 
into a finite number of subdivisions with irregular shapes. Isopara-
metric mapping is then employed to transform these i·rreqular subdivi-
sions into unit elements in the mapped region. This approach simpli-· 
fies the bookkeeping of nodal point coordinates. Since the procedure 
[14,15] is already well known, only a brief description Df the numeri-
cal analysis will be given. 
3.1 Interpolation Functions 
For two dimensional geometries, it suffices to use the 12 nodes 
isoparametric element which is irregularly-shaped in the physical 
plane, Figure 3.1 (a). The coordi.nates of the element in the mapped 
plane are~= ±1 ~nd n = ±1 at the corner nodes. This is shown in 
Figure 3.l(b). The side nodes are evenly placed at 1/3 of the dis-
tance from the corners. A special feature of the transformation is 
that the same shape functions Ni{~,n) (i = 1,2, ... ,12·) can be used to 
relate the coordinates (x,y) and displacements (ux,uy) to their c·orre-
sponding nodal values, say (xi,yi) and [(ux)i,(uy)i]. The following 
expressions, therefore, prevail: 
12 
x = .l Ni(~,n)xi' 
1 =l 
12 
Y = .l Ni (~,n)Y; 
1 = 1 
The same applies to the displacements: 
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( 3. l ) 
y 
n 
n 
8 7 l l ( - 3' l ) ( 3' 1 ) 
10 
9 8 (-1,l) 10 7 ( l ' l ) 
l l 
r, 1 1 l 6 
l 
( - 1 , 3) ( l ' 3) 
12 
f 
I 
1 
, l 
(-1, - 3) 12 5 ( l ' - 3) 
N 
0 
I 
l 2 3 
(-1,-1) (1,-1) 
1 2 3 4 
~---~-----------~X, UX ----------~-----~..;x 0 
(a) Physical plane {b) Transformed coordinates 
Figure 3.1. Coordinates of 12 node isoparametric element in physical 
and transformed plane. 
u = 
X 
The shape functions Ni(::,'1) (i = 1,2, ... ,12) ar·e given by 
9 . . . 
N 6 = 3.2 ( l + c) ( l ~ n 
2 ) ( l + 3 n ) 
N11 = ~2 (l-i;)(l-n
2 )(1+3n) 
N12 = ~2 {l-1;)(1-n
2 )(1-3n) 
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( 3. 2) 
( 3. 3) 
3~2 Strains and Stresses 
Once the displacements ate known, the strain components may ~e o~-
tained from the displacement gradients: 
au 
X 
.t:x -3x 
a-u 
{ t: }· - ( = 
_1_ ( 3. 4) 
-
-
y 3y 
Ju au . 
X . Y· 
Yxy -+-3y ax 
Substituting equations (3.2) into equations (3.4) and writinq the re-
sult in matrix form, it is found that 
{E} = [B]{u} 
,n which 
aN. 
1 0 -· -
ax ' 
aN. 
[Bl] 0 
1 
= -
' ay 
aN. aN. 
l l 
-
-
. ay ' ax 
In equation (3.5), {u} is the displacement vector defined as 
{u} .... 
( u ) . X l 
( u ) . y l 
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( 3 . 5 ) 
(3. 6) 
(3.7) 
For a linear elastic, isotropic and homogeneous solid under plane 
strain, the material matrix 
[DJ E = { l +v) ( l- 2 v) 
l-'V, V , Q 
\) , 1-v, 0 
0 , 0 l -2'J 
' 2 
... 
can be used to relate the stress {o} and strain {E} as follows: 
{.o} = [D]{E} 
3.3 Equation of Motion 
( 3. 8) 
(3.9) 
The fi.nite element method reli.es on applitation of the theorem of 
minimum p.otential energy that is based on the principle of virtual 
work. It provides a good approximation for the displacement field at 
the expense of the stresses as in contrast to the theorem of minimum 
compli.mentary energy that places emphasis on the variation of the 
stresses. This difference in variational calculus .should be kept 1n 
mind when interpreting the end re.su.l ts obtained from finite element 
in addition to the other approximations mentioned earlier. 
Application of the standard finite element procedure [14,15), the 
govefning equation of motion can be written in the form 
[M]{~} + [K]{u} = {F} (3.10) 
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with [M] being the mass matrix. The equivalent load matrix {F} 1s 
(3. 11 ) 
b s Here, F and F are, respectively, the body and surface force vector. 
The stiffness matrix [K] in eq~ation (3.10) is qiven by 
[K] =ff [B]T[D][B]hdxdY (3.12) 
where his the thicknes~ dimension of the plane body. Computation of 
[K] is carried out in terms of the variables~ and n such that equa-
tion (3.12) 1s expressed as 
1 1 
[K] = J J Q(~,n)d(dn 
- 1 - 1 
in which 
Q((,n) = [B]T[D][B]h det [J] 
Use is made of the Jacobian 
ax ~ 
a~' a~ 
[J] = 
ax ~ 
an an 
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( 3. l 3) 
(3.14) 
(3.15) 
whose inverse 1·s 
~ 
-~ 
an ' d( 
[J]-1 l (3.16) 
~li_-~~ 
d( 3n 3n d( 
ax ax 
- - -
an ' a( . 
for transforming dA 1n terms ( X ,y) to ( ~ , n) as 
dxdy = det[J]d~dn (3.17) 
In view of equations (3.1) and (3.2), ~qua ti on (3.15) may also be 
written as 
[J] = 
12 aN. 
I l ·-x . d ~ i , i=l 
· ]2 aN. 
I anl xi, 
i = l 'I 
12 aM. I , 
i=l ~ Yi 
Change of independent variables can be made by·means of 
· aN. 
1 
aN. 
1 
-
-
a~ ax 
= [J] 
aN. aN. 
1 ., 
-
an ay 
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(3.18) 
(3.19) 
The inverse ·of equation (3.19) 1s 
3N. 3N. 
1 1 
-Jx J F: 
= [J]-1 ( 3. 20) 
3N. aN. 
1 1 
-
-
ay 3n 
The Gauss- Legendre quadrature scheme is applied to compute [K] 
numerically. This procedure assumes that 
l l 4 4 J J Q((,n)d(dn = I I H.H.Q((.,n.) 
- l - l i = l i. = l l J J J 
(3.21) 
Sixteen (16) Gaussian points can thus be embedded 1n each of the 
twelve (12) node isoparametric element such that 
~2 = -~3 = 0.339981043584856 
~l - -~4 = 0.·861136311594053 
n2 = -n3 = 0.339981043584856 
n1 = -n4 = 0.861136311594053 
The values H. (j = 1,2, .. ·. ,4) in· equation (3.21) are 
J 
-26-
(3.22) 
H1 = H4 = 0.3478548451
37454 
( 3. 23) 
H2 = H3 = 0.6521451548
62546 
As the numerical values of {u} are obtained from equation (3.10), the 
quantities of· interest such as {·E} follows from equation (3.5) while 
{o} follows subsequently from equation (3.9). 
3.4 Shifting of Side Nodes 
The way with which the displacement gradients behave in the vicin-
ity of a crack tip can be altered by adjusting the spacing of the 
neighboting side nodes. For the case of the eight (8) node isopara-
metric finite element, the midside nodes may be shifted to the quarter 
point nearest the crack tip to yield the 1//r singular behavior of the 
displacement gradient [16]. The same can ~e achieved for the twelve 
(12) node isoparametric element by· shifting the intermediate ncides to 
the 1/9 and 4/9 positions nearest the crack tip [17]. 
for the sake of illustration, suppose that the crack tip is lo-
cated at~= -1 and n = -1 as shown in Figure 3.2. The coordinates x. J 
and di·splacement~ u. (j = 1,2, ... ,4) for the four nodes in Figure 3.2 J 
can be related, respecttvely, to the. coefficients a0 ,a1, ... ,a3 and b0 , 
b1, ... ,b3 in x and ux as f
ollows: 
x = a +a~+ a ( 2 + a ~3 o 1 2 3 
(3. 24) 
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Crack 
and 
xl Xz 
1 0 
-1 
- 3 
X3 
1 
3 
Position of 
n-a x 1 s 
X4 
1 
Figure 3.2. Crack tip with reference to side 
of a twelve (12)-node isoparametric 
finite element. 
The coefficients a
0
,a 1, ... ,a 3 in equation (3.24) are 
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r at n = -1 , 
(3.25) 
( 3. 26") 
with x1 = 0. T
he coefficients b0 ,b1 , ... ,b3 in 
equation (3.25) take 
the values 
(3.27) 
The 1/9 and 4/9 S1~6t. Differentiating x with reference to ( and 
setting the result dx/d( = 0, it is found that 
(3.28) 
Making use of equations (3.26) and (3 .. 28), x in equation (3.24) may be 
expressed in t~rms of x2 and x4: 
(3.29) 
The displacement gradient du/dx can thus be computed: 
(3.30) 
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W h i C h i S a q U a d r i C f U n C t i On O f C. AS X -+ 0 , d U / d X -+ 1 / 
/x f Or 
1 4 
X2 - 9' X3 9 
(3.31) 
such that 
X4 
X = r (l+~)~ Or ( = -1 + 2/x/x4 (3.32) 
Othe)r. Pos6.ibili,tie_-!)-. The result 1n equations (3.11) sugqests the 
form 
(3.33) 
1n which k is a positive integer. The near crack ti·p behavio
r of 
du/dx can be written as 
du :\ 
dx rv -x ' .x -+ 0 
(3.34) 
Table 3.1. Displacement gradient behavior for different k. 
Exponent Exponent 
k A 
l l 
2 - 1/2 
3 - 2/3 
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Other combinations of (x2,x3) or positive integers of k may be 
found to yield different values of\ by including high~r order terms 
of ( in equations (3.24) and (3.25). This, however, is beyond the 
scope of this work. 
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IV. MULTIPLE FRACTURE FROM DEFECTS ON FASTENER HOLES 
Multiple fracture occurs 1n both man-made structures and 
in nature 
where cracks may form intricate networks such as in dried
 mud, rack 
strata, etc. The formation of these networks 1s the res
ult of inter-
secting cracks running in different directions, a process
 of .nonuni-
form rate of en~rgy release. While the mechanism of cra
ck bifurcation 
[23-25] has been touched by previous investigators, little or no at
-
tention has been given to cracks that first move individ
ually and then 
intersect with one another. The only exception 1s the w
ork in [9]. 
The main contribution of this work is to gtow a system o
f tracks 
1n sEgments without making a priori assumption on the dir
ection of 
their growth until they would run into each other as show
n in Fi·gure 
4.l(a) or stop .at a free surface, Figure 4.l(b). Such a process de~ 
pends on the nonuniform rate of energy dissipation in cre
ating new 
fracture surfaces. That is, the growth increments r1, r2
, etc., in 
equation (2.3) are not the same even if the increase in load steps is 
the same. There is also the possibility that two neighbo
ring cracks 
may not intersect a·nd pass by. one another as illustrated
 in Figure 
4.1(~). Any of these situations could arise under the .appropriate 
condition of loading, material and geometry. 
4.1 Problem Statement 
As .mentioned earlier, the phenomenon ·of multi-site damag~
 (MSD) in 
fuselage lap joints has received a. great deal of attention. A typical 
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(a) Coalescence of cracks 
----
.,. -... 
(b) Crack stopped by free surface 
F 
(c) Cracks bypassing each other 
Figure 4.1. Schematic of a crack approaching free surface 
or another crack. 
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consequence of fastener cracks linking together 1
s shown in Figure 4.2 
where cracks first initiated from the holes and th
en coalesced to form 
a long crack. An estimate on the remainfng stren
gth of the fuselage 
could thus be made. However, the conditions as to
 how the cracks were 
developed prior to coalescence are equally, if not
 more imp9rtant, be-
e au s e they co u l d be u s e d not on l y to y i el d a bette
r es t i ma t e on · 1 i f e 
but also on manufacturing tolerance. 
4.2 Crack Formation in MSD 
Havin9 reviewed a host of these recorded data, thr
ee distinct for-
mations could be identified; they are referred to 
as Class I, II and 
III shown individually in Figures 4.3(a) 1 4.3(b) and 4.3(c), 
respec-
tively .. A brief description for each of the three
 cases in given in 
Table 4.1. Of interest is to determine the initia
l configurations 
Table 4.1. Description of crack formation in MSO.
 
Class No. Descr
iption 
I 
IT 
III 
Two opposing cracks running into each other dislod
ging 
an island of material. 
One crack stopped by neighboring hole and another 
ar-
rested in field of low stress intensity. 
A fast running crack linking up with another. 
tha.t would reproduce these fo.rmations. To this en
d, several trial 
runs were made before arriving at the configuratio
ns in Figures 
4.4(a), 4.4(b) and 4.4(c) which would correspond, respectivel
y, to 
those in Figures 4.3(a), 4.3(b) and 4.3(c). The objective is to 
ar-
-34-
I 
w 
u, 
I 
0 
·o 
0 0 0 0 0 0 0 
0 ·O 0 0 0. 0 0 
Case I Case II 
0 0 0 0 
0 0 0 0 
Case III 
__
 A __ 
0 0 0 0 
.0 0 0 0 
Figure 4.2. Actual multiple fracture of fuselage 
lap joint in a Boeing 727 
Reg. No. ~7286 (line position 342) with 45,878 flight hours and
 
39,523 flight cycles recorded in 1981. 
(a) Interconnecting 
(b) Nonintersecting 
(c) Tandem propagation 
Figure 4 .. 3. Three distinct patterns of crack formation. 
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(a) Two horizontal parallel cracks (Class I) 
e 
+ 
(b) Two opposing angle cracks (Class II) 
;\L 
"' 
80 
~ ~ eR 0 
e _L 
' 
+ 
(c) Two nearly parallel angle cracks (Class III) 
.Figure 4.4. Schematics of initial crack configurations. 
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rive at the appropriate values of the initial crack lenqths a0 and po-
sition- e
0 
so that upon loading, these cracks would grow into the for-
mations outlined in Figures 4.3(a), 4.3(b) and 4.3(c). Refer to the 
-5 preliminary results in Table 4.2. The eccentricity e = 2.5 x 10 m 
is the same for all three cases. • 
Table 4.2. Preliminary values of initial crack size 
and position. 
Class Crack 1 ength ao (mm) Crack angle 8 (deg. ) 
No. 0 
Left Right Left Right 
I ·1 . 22 5 1 . 225 oo oo 
I I 1 . 225 0.6125 30° -30° 
I I I 1 . 225 0.6125 60° g50 
4.3 Specimen and Material 
Depicted in Figure 4.5 is a rectan~ular specimen Bx H x t that 
contains two circular holes of radius R whose -centers lie on lines at 
a distance e apart. A uniform stress a0 is applied in the y-direc-
tion. The three different combinations of cracks on the holes are 
shown in Figures 4.4(a) to 4.4(b), the details of which are given i.n 
Table 4.2. The dimensions of the parameters in Figure 4.5 ~an. be 
found in Table 4.3. 
The plate is made of 2024-T3 aluminum whose mechani·cal and frac-
ture properties are given in Table 4.4~ While (dW/dV) in Table 4.4 C 
can be computed as the area under the true stress and true strain 
curve in Figure 4.6 by integration, an equivalent linear elastic ma-
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Figure 4.5. Sche~atic of plate specimen with two fastener 
holes under tension. 
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X 
Table 4.3. Dimensions of the geometric parameters 
for cracked specimen with fastener holes. 
Width Height Thickness Radius 
. -3 ( ) B x. 10 m H x 10-3 (m) t X 10-
3 (m) R x 10-J (m) 
50.8 2.54 1 . 925 
Table 4.4. Mechanical and fracture properties 
of 2024-T3 aluminum alloy. 
Eccentricity 
ex 10-S (m) 
2.50 
Young's modulus 
Ex 103 (MPa) 
Poisson's ratio 
V 
Critical values 
72.4 0.33 
Stress intensity 
Klc (MPa/rn) 
9.7559 
Energy density 
( d\~/ dV) (MP a) C 
84.40 
terial is defined by equating the two shaded areas ABC and COE. A 
straight line ACD 1s thqs established. The area of the large triangle 
ADF would then be equal to (dW/dV) . Crack growth will be assumed to C 
occur when the volume energy density in any materials exceeds this 
critical value. 
4.4 Numerical Analysis 
The computer program used to obtain the stress distribution is 
based on the work in [26] which later developed into the so-called 
APES program [27] whi~h has been modified continuously by the re-
searchers at the Institute of Fracture and Sol.id Mechanics. For the 
problem at hand, a number of subroutines were developed to complement 
the APES program, a flow chart of which is shown in Figure 4.7. To 
begin with, the stress and· strain distribution throughout the system 
-40-
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Figure 4.6~ True stress and true strain curve of 2024-T3 al
uminum. 
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and Boundary Con- (dW/dV) ditions L--____ c________ _, 
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Tanqential Stress 
Near Free Boundary 
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Figure 4.7. Flow chart for crack initiation and termination. 
must be found. Variations of the strain energy density functions 
would yield the sites of crack initiation and the segment of new 
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growth can then be determined from equation (2.3). Once the cracks 
have grown close to one anbther or to a free surface, the con
dition of 
coalesce and atrest should then be checked. 
The grid pattern for the Cla~s I configuration is given 1n Fi
gure 
4.8 where 100 isoparametric and 495 nodes were used to discret
ize the 
system. Enlarged in Figure 4.9 is the region around the two c
rack 
tips. Smaller elements are taken in addition to the 1/9 and 4
/9 
shifts of the nodes adjacent to the crack tips as mentioned in Section 
III. Similarly, Figure 4.10 displays the grid pattern for the
 Class 
II configuration. The cracks are positioned at an angle in a
ccordance 
with the data in Figure 4.4(b) and Table 4.2. Again, the elements 
surrounding the crack tips are made smaller. Figure 4.11 q1v
es the 
grid pattern for the Class III configuration in Fiqure 4.4(c). As the 
tracks grow and deviate from their initial configurations, th
e grid 
patterns in Figures 4.8 to 4.11 inclusive would have to be rem
eshed 1n 
accordance with the predicted crack trajectories, the details of which 
will be discussed later on. For the purpose of illustration, 
only 
those grid patterns at the terminal condition will be given. 
Referring to Figure 4.4(a) or 4.9, the two cracks will initially 
run straight and then pass each oth~r before they turn and ar
rest on 
one another. Figures 4.12 and 4.13 give the grid patterns of
 the two 
cracks when they have overrun each other and are 6n the verge 
of turn-
ing. For the Class II configuration, the left crack would ext
end and 
stop short at the right hole while the right crack grows subc
ritically 
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Figure 4.16. Enlarged grid pattern for crack regio
n labelled 
as Section A in Figure 4.15. 
and then stops. The correspondinq qrid pattern can be found in Figure 
4.14. Since the left crack for the Class II and III confiquration is 
of the same length and located at the same angular position, the crack 
growth characteristic~ would be the same not until the influence of 
the right crack come into play. This can be seen from the qrid pat-
terns in Figures 4.15 and 4.16 for the Class III configuration~ p~r-
ticularly in Figure 4.16 where the left crack has caught up to the 
right crack that grew at a much slower rate because ft was initially 
aligned almost parallel to the direction of the applied tension. 
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V. DISCUSSION OF RESULTS 
As the finite element stress analysis procedure 1s straightfor-
ward, there is no need to go into details except to describe the ways 
with which the· strain energy density criterion are applied to deter-
mine crack growth. Determined are not only the trajectories of each 
crack but also the condition under which multiple cracking would be 
formed. The stability or instability of such a process could be de-
termined from the distance between the local and global stationary 
values of dW/dV, say£. For the· jth segment of crack gtowth~ an en-
ergy release quantity can be computed: 
~s. 
J 
Q, • 
J 
J (dW) - . dV j ds, J = 
0 
1 , 2, etc. ( 5. 1 ) 
where ds is the differential arc length should the crack path be 
c~rved. If the segment of crack growth is sufficiently small and can 
be approxim~ted by a straight line, then equation (5.1) may be writ-
ten as 
max 
= { [{dW) J dV . L min 
dW max 
[(aV} J } Q,. 
min G j J 
("5. 2) 
The subscripts Land G stand, respectively, for local· and global. Re-· 
sults for each one of the three configur~tions, Class I, II and III 
will be presented s~parately. 
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5. l Crack Direction and Growth 
The strain energy density criterion [8] outlined briefly in Sec-
tion II requires the computation of the strain energy function dW/dV 
as given in equation (2 .1). For plane strain, a = v(o +a) and equa-z X V 
tion (2.T) can be simplified such that only the three stfess compo-
nents a , o and 1. are involved, Figure 5.1. For a fixed but very 
X y XY 
Crack I 
I 
\ 
\ 
/ 
I 
' 
' 
,, - - ' 
..... 
r 
0 
I 
I 
Figure 5.1. Stress components on element ahead of crack. 
small distance r
0
, the minimum value of dW/dV with reference toe is 
found. This determines the direction of crack growth e0 correspondinq 
to (dW/dV) 
1
. ~ Crack growth starts when (dW/dV) . reaches (dW/dV) m n m1 n · c 
in accordance with the strain energy density criterion. Each incre-
ment of crack growth is then found from equation (2.3) such that Sj/rj 
= constant ·with j = 1 , 2, etc. , being the number of growth increments. 
The finite element grid pattern is remeshed after each increment of 
crack growth and the aforementioned procedure is repeated. 
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5.2 Class I Configuration 
This configuration as s·hown 1-n Figure 4.4(a) is skew~symmetric; it 
therefore suffices to consider only the left or right crack. Plotted 
in Figure 5.2 are the variations of dW/dV with the angle e for the 
•r-
l/) 
c:: 
QJ 
-0 
-90° 
~~~(dW/dV)min = 787 MPa 
oo 
Angle e (deg.) 
goo 
Figure 5.2. Angular variation of energy density for the first 
crack growth increment on left side at r = 0.1225 
. 0 
mm and a
0 
= 1.225 mm (Class I configuration). 
first increment of crack growth at a0 = 3210 MPa. They are computed 
at a distance r
0 
= 0.1225 mm, i.e., one-tenth of the original. crack 
length a
0 
= 1.225 mm as given in Table 4.2. The value (dW/dV}min 
= 787 MPa corresponds to an applied stress of 3200 MPa. Since the 
problem is linear where the proportion (dW/dV)min/(dW/dV)c ~ (3200) 2 
/a~ applies, the load required just to fail an element ahead of the 
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crack, say o , can be computed as l ,047.94 MPa for (dW/dV) = 84.4 
0 C 
MP.a. Initially, the two cracks are far apart and have no interaction 
and hence each crack grows straight ahead as predicted 1n Figure 5~2 
with r) = 0°. 
0 
Cwck. G,iowth Inc;.,1e.merit. The crack growth increment r1 can be ob-
tained from a plot of dW/dV versus the distance ahead of the crac.k 
along the line e = e . This is s·hown in Figure 5.3. According to the 
0 
•,--
V) 
C: 
(lJ 
-0 
>, 
0) 
s... 
(lJ 
C: 
w 
o--~_.;.....J,_...._L--,11;...._.i. _____________ ~ 
I• •I r 1 = l.413 mm 
Distance r (mm) 
Figure 5.3. Energy density versus distance for the first crack 
~rowth increment on left side (·class I configura-
tion) . 
strain energy density criterion, s1;r1 = (dW/dV)c. Hence, the inter-
.section of the dW/dV curve ·with the .line (dW/dV)c _gives r1 = 1.413 mm. 
This procedure is repeated for four (4) more load steps until the 
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cracks turn and run to each othe~. tach time the load is increased by 
1 0 MP a o r 6 o = 1 0 MP a . At the f i ft h lo a d s t e p when a i s i n c re a s e d 
· 0 0 
to 3,231 MPa, the location of (dW/dV)min no longer occurs on a line 
straight ahead. Fiqure 5.4 shows that the left crack now tends to 
rO 
0.... 
•r-
Vl 
C 
a., 
-0 
~ 
rr. 
~ 
a., 
C 
w 
-90° 
~~~~ (dW/dV) .. = 114.7 MPa 
· m1 n 
-41° 
goo 
Figure 5.4. Angular variation of energy density for the fifth 
crack growth increment on left side at r 0 = d.00625 
mm and a5 = 13.4716 mm (Class I configuration). 
turn towards the right crack at an angle e0 = -41°. At this stage, 
the entire dW/dV curve has risen above the critical level of (d\~/dV) 
as indicated in Figure 5.5. This corresponds to the termination of 
C 
subcritical crack growth. Summarized in Figure 5.6 are the sequence 
of crack growth increment~ for the five (5) consecutive load steps in 
Table 5.1 together with the crack growth segments. The small differ-
ence in rj for the left and right crack is due to human error. 
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>i ( d W / d V ) =· 8 4 . 4 MP a 
0) C 
s.... 
QJ 
C: 
w 
0 Distance r (mm) 
Figure 5.5. Energy density versus distance for the fifth 
and last crack growth increment on left side 
(Class I configuration). 
Table 5.1. Crack growth and load increments for Class I 
configuration. 
Load 
Step 
Left Crack 
1 
2 
J 
4 
5 
Right Crack 
1 
2 
3 
4 
5 
Applied 
Stress 
a
0 
x 102 (MPa) 
32.00 
32. 10 
32.20 
32.30 
32.31 
32.00 
32. 10 
32.20 
32.30 
32.31 
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Crack segments 
r. (j = 1,2, ... ,5)(mm) 
J 
1 . 413 
2.0628 
3.810 
4. 951 
l . 411 
2.0645 
3.970 
4.960 
t
~~,- a
0
L = 1.225 mm 
r R a0 = 1.225 IIITI -+----t"' 
(a) Initial stage ~ 
2.638 mm 
R a = 2.636 nun 1 
(b) First load step 
L 
J
,~ •-----1 .. ~1-a 2 R= 4. 7008 mm 
a = 4. 7 005 mm 2 
(c) Second load step 
~------~.,__ a~ = 8. 51 08 mm 
R a3 = 8.6705 mm 
(d) Third load step 
a~= lJ.46181 mm ) I_ ..===a=~===l =3 .=6=30=5=ITTTI=====·~~ 
(e) Fourth load step ~ 
~-----13. 4716 mm ---"'~ 
8 = -41° 
0 
~~~~ 13.6590 mm 
(f) Fifth load step 
·I 
Fi·gure 5.6. Class I configuration: Sequence of crack growth 
increments for five (5) consecutive load steps. 
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turning to Figure 5.6(e), it is of interest to note that crack turninq 
occutred after the cracks have passed each other by some distance. 
This suggests the importance of rate effect which can be seen from the 
data in Table 5.1. While the load increased in even steps, the crack 
growth increment increased monotonically. That is, the ~rack growth 
rate increased with time. 
Su mm a r i zed i n Fi g u re 5 . 7 i s a pl o t of the a pp 1 i ed st res s. -a 0 
against crack length. As expected, a linear relationship prevailed up 
N 
0 
X 
0 
b 
l/) 
l/) 
(l) 
s... 
32.3 
32.2 
+J 32. l 
l/) 
-0 
(l) 
... 
r-
0.. 
0.. 
c:( 
32.0 
0 
Figure 5. 7. 
2 
2 32.31 x 10 MPa 
4 6 8 
Crack length a X 
10 12 
1 o-3 (m) 
"'Termination of 
subcritical 
crack qrowth 
14 
Class I configuration: applied stress 
as a function of crack lenqth (left 
crack). 
to the point of instability at cr = 32.30 MPa, i.e., when subcritical 
0 
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crack growth terminated. A similar curve is also obtained for the 
right ·crack. As indita.ted earlier, the applied stress levels in Fig-
ure 5. 7 need not be so high because the resultinq (dl~/dV) . exceeds min 
(dW/dV)c by a wide margin. The values of a, however, can be lowered 0 
proportionally according to dW/dV ~ o0 because th~ problem is linear. 
Loe.al and Global I•i!lWb-<.,lcty. As described in Section II, the 
distance [ between the local and global station~ry values of the 
strain energy density function is in.dicative of the stability of crack 
growth. Increasing£ signi·fies the tendency towards instability and. 
vice versa. If the lower corner of the plate is used as the origin of 
the xy-coordinate system· defined in Figure 4.5, then the locations of 
the crack tips are given as shown in Table 5.2. The corresponding lo-
cations of [(dW/dV)m~x]L and [(dW/dV)m~xJG are also tabulated in terms 
min ·min 
of (x,y). Recall that the subscripts Land G denote local and global, 
respectively. Summafized in the last cblumn of Table 5.2 are the val-
ues of i which decr·ea sed with i ncr·ea sing load even though th.e crack 
growth increments in Table 5.1 increased monotonically. This corre-
sponds to the condition 1n equation (2.7). What this means is that 
crack growth rate alone is not sufficient for determining the failure 
stability when multiple crack interaction effects are present. 
The energy release quantity tS. (j ~ 1,2, etc.) in equation (5.2) 
. J 
is computed for each of the five 1 1 s in Table 5.2. The requited val-
ues of [(dW/dV):~~]L, [(dW/dV):~~]6 and 1 in equation (5.1) can be 
found in Table 5.3. Calculated values of tSj (j = 1,2, etc.) in Table 
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Table 5.2. Coordinates x, y x 10-
3 (m) locating crack tip, [(dW/dV)m~x]L min 
and [(dW/dV)m~x]G for Case I. min ] 
Load Crack Tip [ ( d l~/ c1 V) m~ x 1 
[ ( d l~ / d V ) m~ x ] £ 
Step 
min L min G 
-J 
X y X y 
X y X 10 (m) 
Left Crack 
1 15.85 25.4125 15. 8941 25.4
125 22.285 25.4125 6.435 
2 17.263 25.4125 17.55 25.
4125 23.2875 25.4125 6.0245 
3 19.301 25.4125 19.81.271 25
.4125 24. 64 7 25.4125 5.346 
I 
m 4 23.111 25.4125 23.375 25
.4125 28. 124 25.'1125 5.013 
w 
I 
5 28.062 25.4125 28.2666 25
. 4083 
Right Crack 
l 34.95 25.3875 34.9054 25
.3875 28.515 25.3875 6.434 
2 33.539 25.3875 33.2752 25.
3875 27.5265 25.3875 6.0135 
3 31 .498 25.3875 31.0227 25.
3875 26.157 25.3875 5. 341 
4 27.528 25.3875 27.264 25.3
875 22.623 25.387S 4.905 
5 22.5668 25.3875 22.5622 25.39
17 
Table 5.3. Maximum/minimum of 
(MPa) for Case I. 
local and global enerqy density 
Load [(dW/dV)m~x] [(dW/dV)m~x] i eo 
Step min L 
min G 
X l 0- 3 ( m) deg. 
Left Crack 
l 787 64.3 6.435 
oo 
2 418 69.5 6.0245 
oo 
3 558 82. 1 5.346 
oo 
4 423 74 5.013 
oo 
5 114.7 -41° 
Right Crack 
l 791 64.2 6.434 
oo 
2 415 69.5 6.0135 
oo 
3 540 81.7 5.341 
oo 
4 408 73. 1 4.905 
oo 
5 87.4 42° 
5.4 reveal that the energy release rate decreases as the two cracks
 
approach each other and connects. According to physical intuition
, 
Load 
Step 
1 
2 
3 
4 
5 
Table 5.4. Incremental energy release rate for Case .I. 
5 
Energy release rate 6Sj x 10 (J/m2 ) 
Left Crack Right .Crack 
4618.7 4644.5 
1999.5 1986. 2 
2300.6 2229.9 
1657. 4 1554.3 
6S2 should be largef 
than ~s3. The discrepancy co
uld· be attributed to 
the approximat~ nature of equation (5.2) as compared with the more 
exact farm in equation ( 5. 1). Numerical i.naccurac i es cou 1 d a 1 so be 
the cause. 
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5.3 Class II Configuration 
Figure 4.4(b) gives the initial positions of the cracks for the 
Class II configuration. The corresponding finite element qrid pattern 
can be found in Figure 4. 10. Using the original crack as the refer-
ence x-axis,. dW/dV are computed and plotted as a function of e for the 
left and right crack separately because load/geometry symmetry no 
longer prevails because a~ ta~. The results are shown in Fiqure 5.8 
for the left crack and Figure 5.9 for the riqht crack. This deter-
mines the crack growth directio~s. 
-· <O 
CL 
L 
•r-
V'l 
s:::: 
(lJ 
-a 
>, 
er. 
S-
(lJ 
s:::: 
w ~~~~(dW/dV)min = 698.58 MPa 
I 
-90° -43° oo 
goo 
Figure 5.8. 
Angle e (deg.) 
Variations of energy density with angle for first 
growth increment of left crack (Class II). 
C1tac.k. G1tawt.h BehaviaJt. For the first crack growth increment, Fig-
ure 5.8 gives el= -43° and Figure 5.9 gives eR = -42°. Both cracks 0 0 
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w 
-90° 
~~~ (dW/dV) . = 899.90 MPa 
min 
-42° ao 
goo 
·Ang 1 e e (deg. ) 
Figure 5.9. Variations of energy density with angle for first 
growth. i·ncrement of right crack (Class II). 
tend to turn toward the horizontal line as shown in Figure 5~10. At 
Reference x-axis 
= -43° 
ro = 
Reference x-axis 
Figure 5.10. Predicted direction of first crack growth increment 
for Class II configuration. 
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these locations, the values of (d\~/dV)min being equal to 698.58. ~1Pa 
and B99.90 MPa have surpassed the critical value of (dW/dV) = 84.4 C 
MPa. Crack initiation is thus predicted for both the left and right 
crack .. Determined in Figures 5.11 ·and 5.12 are, respectively, the 
L R growth segments of r 1 = l. 966 ITTTI and r 1 = l . .266 rm,. 
At the third 
> 
-0 
............ 
3 
-0 
.,..... 
l/1 
C: 
QJ 
-0 
~ 
0) 
S-
Q) 
C: 
w 
dW (dV)c = 84.4 MPa 
, .. • I L r 1 = 1.966 mm 
Di stance r (mm) 
Figure 5.11. First crack growth increment for Class II 
configuration (left crack). 
load step, the left crack turns onto the right hole where subcritical 
crack growth terminates as the dW/dV curv~ is above the (dW/dV)c lev-
el, Figure 5.13. The right crack continues. to grow subcriticallY by 
the -amount 4.386 mm as indicated in Figure 5.14. Refer to Table 5.5 
for the numerical values of the crack growth increments while Figures 
5.15(a), 5.15(b) and 5.15(c) show how the cracks grow in segments as 
the applied stress is increased in steps. The corresponding relation-
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First crack growth increment for c1·ass II 
configuration (right crack). 
-0 (dW/dV) = >, C 0: 
s.... 
<lJ 
C: 
w 
0 
Figure 5.13. 
Di stance r ( mm ) 
Third crack growth increment for Class II 
configutation (left crack). 
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C: 
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Distance r (ITTTJ) 
Figure 5.14. Third crack growth increment for Class II 
configuration (right crack). 
Table 5.5. Crack growth and load increments for Class II 
configuration. 
Load Applied Crack segments 
Step Stress r. ( j = l , 2 , 3 ) ( mm ) 
2 J 
ao x l O (MPa) 
Left Crack 
1 31.00 1. 966 
2 35.00 12.499 
3 39.60 
Right Crack 
1 31.00 1.266 
2 35.00 6.377 
3 39.60 4.386 
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L a
0 
= 1.225 mm 
0< 
~ 
(a) In iti a 1 stage 
~ r~ = l .966 mm 
(b) First load step 
R 
a 
0 
30° 
1 .266 mm ~ 
L L-_____ r 2 = 12.499mrrr 
\ - R 
r = 6.377 mm 2 ~~~0° 
1--\~==-=~ 
(c) Second load step 
(d) Third load step 
R 
r = 4.386 mm 3 
Figure 5.15. Class II configuration: sequence of crack growth 
increments for three (3) consecutive load steps. 
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ship between the applied stress o
0 
and crack length a 1s q1ven 1n Fia-
ure 5.16. This is clear that the subcritical crack growth process 
N 
0 
38 
,- 36 
X 
0 
D 
Vl 
Vl 
QJ 
b 34 
Vl 
-0 
QJ 
•r-
,-
0. 
0. 
c::r: 3 2 
0 
Figure 5. 16. 
2 39.6 x 10 MPa 
5 10 
Crack length a X l 0- 3 
Applied stress versus crack 
configuration (left crack)-. 
15 
(m) 
growth for 
20 
Termination 
of subcritical 
crack growth 
Class II 
stops ·when the left crack runs into the right hole. The load a0 
= 39.6 x 102 MPa is beyond the point .where a0 ~nd a behaved linearly. 
Loe.al and Global 1n-6ta.bitity. The data in Table 5.6 give the co-
ordinates (x,y). for the crack tip and locations. of [(dW/dV);~~JL and 
[(dW/dV);~~]G. This determines t as defined in Section II. For the 
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Table 5.6. Coordinates x, y x 10-
3 (m) locating crack tip, [(dW/dV)m!xJL min 
· max 
and [(dW/dV) . JG for Case II. 
Load Crack Tip [(dW/dV)m~x] [(d
vl/dV)m~x] £ 
Step 
min L min G 
X 10-3 
X y X .Y X
 y (m) 
Left Crack 
1 15. 42588 26.9875 15.53197 26.92625 
21.33715 ?6.70198 5.91816 
2 17.35588 26.6135 17.5482-8 26.57782 
31 . 83921 28.74226 14.63894 
3 29.7963 27.8255 29.87368 27.18625 
-
I 
'-,I Right Crack rv 
I 
l 35. 90456 24. 1187 5 35.85152 24.14937
 32 0 11058 24 •. 5739~ 3..82119 
2 34.65456 24.32275 34.52456 24.34563 
26. 0·7321 23. 88875 8~59232 
3 28.3125 23.6514 28025871 24 0 08089 
Table 5.7. Maximum/minimum of local and global enerqy density 
(r1Pa) for Case I I. 
Load [(dW/dV)m~x] [ ( d \~ / d V ) m ~ x ] 7. e 
Step min L 
m1 n G 
X l 0- 3 
0 
(m) dea . .., 
Left Crack 
l 698.58 62.365 5.91816 -43° 
2 755. 13 88. 184 14.6389 20° 
3 1350.3 -15° 
Right Crack 
1 899.9 63.955 3.8212 -42° 
2 878.53 85.711 8.5923 21° 
3 1 536. 6 -14° 
Class I.I configuration, the crack growth process is unstable because£ 
increases with the applied stress o. The same applies to the sta-o 
tionary values of the loca_l and global energy density except for 
[(dW/dV);~~JL of the right crack at load step no. 2. The low value 1s 
likely to be the cause of numerical inaccuracy. 
Substituting the data in Table 5.7 into equation (5.2), the quan-
tities 6Sj (j = 1,2) are computed and they are outlined in Table 5.8. 
Table 5.8. Incremental energy release rate for Case II. 
Load Energy release rate tS. x 10
5 (J/m 2 ) 
Step 
1 
2 
3 
Left _Crack 
3695.9 
9639.97 
Right Crack 
31.47.l 
6710.2 
As both cracks grew individually in a uniform stress field, the energy 
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release increased accordingly until one or both of the cracks are 
stopped by the fastener hole(s). 
5.4 Class III Configuration 
Following the same method of solution, the configuration in Figure 
4.4(c) is analyzed. With a load of o0 = 3200 MPa, a fracture angle of 
e~ = -60° is predicted for the left crack and the correspondinq 
(dW/dV) . is 182. 74 MPa at r = a0L/10, Figure 5.17. For the shorter m1 n o 
> 
"'CJ 
............ 
3 
"'CJ 
•,-
(/) 
C 
QJ 
"'CJ 
-90° 
~~~~ (dW/dV) . = 182.74 MPa 
rn1 n 
-60° oo goo 
Ang 1 e e (deg. ) 
Figure 5.17. Variations of energy density with angle for first 
growth increment of left crack (Class III configura-
tion) . 
crack on the ri_ght in Figure 4.4(c), the angle of crack initiation is 
e~ = -78° and (dW/dV)min = 109.03 MPa. These values are obtained from 
·, 
the angular variations of the strain energy density function in Fiqure 
5.18 at r0 = a~/10. 
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-90° -78° oo goo 
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Figure 5.18. Variations of energy density with angle for first 
growth increment of right crack (Class III configura-
tion). · 
Inc)r.e_me_ntal CJtac.h GJtowth. Plotted in Figures 5.lg and 5.20 are 
the values of energy density dW/dV as a function of the distance along 
the lines e~ = -60b in Figure 5.17 and e~ = -78° in Figure 5.18, re~ 
spectively. Intersection of the (dW/dV)c line with the dW/dV versus 
L 
r curve yields the crack growth increment r1 for the left crack and 
r~ for the right crack. Note that r~ is much smaller than r~. This 
is because the right crack is directed almost parallel to the applied 
stress. The ~ame trend prevails when the· applied stress o0 is in-
creased to 3,700 MPa. Th.at is, the growth segment for the left crack 
is much larger than that of the right crack. This can be seen from 
the data in Table 5.9. At this load level, the left crack tip is 
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Table 5.9. Crack growth and load increments for Class III 
configuration. 
Load Applied Crack segments 
Step Stress r. (j = l ,2,3)(mrn) 
x 102 (MPa) 
J 
o 
0 
Left Crack 
l 32.0 2.89 
2 37.0 19.574 
3 42.3 2. 357 
Right Crack 
l 32.0 0.0604 
2 37.0 0.120 
3 42.3 6.8667 
closing up on the right crack which continues to bend towards the path 
of minimum resistance. Figure 5.21 summarizes the crack growth pat-
tern for each step of the loading. At o
0 
= 4,230 MPa which corre-
.sponds to Fig~re 5.2l(d), the left crack has caught up with. the right 
crack which would continue to grow if the load is ·further increased. 
Termination of subcritical crack growth has occurred prior to o0 
reaching· 4,230 MPa. This is shown in Figure 5.22 on a plot of the ap-
plied stress against crack length. Linearity between o0 and a ceased 
to prevail. at approximately 41 MPa. 
Loe.al. and Global Inf,.tabildy. I.t can be seen from the data on the 
locations of [(dW/dV};;~]L and [(dW/dV);~~]G in Table .5.1·0 that fj 
(j = 1,2) for the left· crack increased much more dramatically than 
those for the right crack. This bears out the crack growth character-
istics in Figures 5.2l(a) to 5.2l(d) that the left track reaches in~ 
-77-
al=· l.225 nm 0 . 
r-
60° 
.. \ 
R 
a = 
0 
LI 
0. 6125 ITTTI 7 ;-~ 
(a) Initial stage 
R 0.0604 mm 1 rl = 
L r 1 = 2.89 mm ~ 
(b) First load step 
0.12 mm 
'--1----r~ = 19.574m _m _ ___, .. ~, 
1
~
0 
~ 
(c) Second load step 
rl = 2.357 rmn 
3 
(d) Third load step 
R r = 6.8667 mm 3 
Figure 5.21. Class III configuration: seq~ence of crack growth 
increments for three (3) consecutive load steps. 
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stabi.lity at a faster rate than the riqht era.ck. Table 5.11 gives the 
local and global stationary valu·es of the strain energy density func-
tion. The local value is always greater than that of the global which 
can be interpreted as a potential crack driving force, the larqest of 
which correspond$ to the second step for the left crack where 
530.3/52.9S ·is approximately equal to ten (10). Note from Figure 
5.21 (c) that the largest crack growth segment also occurred at this 
stage. This can a·lso be seen from the energy release quantity t1SJ as 
computed from equation (5.2). The results are shown in Table 5.12. 
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Table 5.10. Coordinates x, y x ,o-
3 (m) locating crack tip, [(dW/dV)m~x]L min 
· max 
and [(dW/dV)min]G for Case III. 
Load Crack Tip [(dW/dV)m~x] [(dW/dV)m
~x] £ 
Step 
min L min G 
X l 0- 3 
X y X y X 
y (m) 
Left Crack 
l 14.273155 28.152233 14.37836 28.09033 19.
 93544 28.10836 5.66245 
2 17.166983 28.000782 17. 181983 28.240532 37.151
49 27.73545 19.98627 
3 36.741429 27.635401 36.742529 27. 695401 
I Right Crack 
co 
0 
I l 39.103383 27.662669 39. l 04233 27.66132 39.
41168 27.92938 0.30835 
2 39.163383 27. 67101.9 39.173103 27.67183 39.
61458 27076607 0.46110-
3 39. 28338J 27.658476 39. 289376 27.65786 
Table 5.11. 
Load 
Step 
Left Crack 
1 
2 
3 
Right Crack 
1 
2 
3 
Tab 1 e 5. l 2. 
Load 
Step 
1 
2 
Maximum/minimum of local and global energy density 
(MPa) for Case I I I. 
[ ( d W / d V ) m~ X ] [(dW/dV)m~x] ~ A 
min L m1 n G 
X 10- 3 
0 
(m) deg. 
182.74 7 5. 101 5.6625 -60° 
530.3 52.98 19.9863 oo 
957.4 - 30 
109.03 51 . 341 0.3084 -78° 
64 5. 1 5 125.34 0.4611 -14° 
l 048. 9 l 0° 
Incremental energy release rate for Case III. 
Energy Release Rate L'iS. x 105 (J/m2) J 
Left Crack 
598.16 
9534.9 
Right Crack 
18.172 
234.64 
For the second load step, tS 2 for the left crack 1 s more than
 forty 
(40) times larger than that for the riqht crack. 
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VI. CONCLUSIONS AND FUTURE WORK 
What has been demonstrated is a methodology for determininq the 
ch~racteristics of cracks intersecti~g with one another by applic~tion 
of the strain energy density criterion ~nd the technique of· finite 
element. Although the present results consider bnly two initial 
cracks, the method applies in general to any number of cracks. Repro-
duced are the three (3) basic crack patterns, in the multi-site damaqe 
of the fuselage lap joints. Size and position of the initial defects 
on the fastener holes that led to multiple cracking are thus identi-
fied. They are useful for establishing damage tolerant requirements 
in the initial rlesign of lap joints. 
The successful prediction of multiple fracture requires that crack 
initiation and pfopagation be described consistently from a single 
failure criterion. Conventional criteria such as maximum normal 
s·tress, energy release rate, ett., could not meet such a requirement. 
It is for this reason that the strain energy density criterion was se-
lected so that .no a priori assumptions on the direction and/or segment 
of crack growth need to be made ~s the load is i~creased to produce 
multiple fracture. Sufficiently fi.ne mesh sizes of the finite ele-
ments are needed to determine the stationary values of the volume en-
ergy density function. The local and global maximum of the minimum 
volume energy density function denoted, ·respectively, as [(dW/dV)~r~]L 
and [(dW/dV)~~~JG were found for each segment of crack growth. The 
distance between Land G known as the index of failure instability 
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gave an indication of the subcritical crack growth stability. While 
the present results revealed many aspects of multiple cracking that 
were not known previously, there remains a number of fundamental re-
finements that could improve the predictions. 
6.1 Correction on Overshoot 
The condition of crack initiation as stated in equation (2.3) as-
sumes that all elements ahead of the crack tip would fail at the same 
c r i ti ca 1 1 eve l ( d W / d V ) c be i n g ch a r act er i st i c of the ma t er i a 1 . Fi q u re 
6.1 considers the jth incre~ent of crack growth and shows that all of 
the .elements along the segment r < r < ( r· +r.) have exceeded or -equal 0 - - 0 J 
to (dW/dV)c. Therefore~ failure is predicted. Except for the last 
element at Fin Figure 6.1, the energy densities dW/~V in those ele-
ments at r < (r
0
+rj) have actually exceeded beyond critical. There 
prevails an excess amount of energy as shown by the shaded area. Some 
of this excess energy could be dissipated acoustically and/or plasti~ 
cally. The re~aining portion could be regarded as an overload where 
the crack might be pushed beyond the distance 
takes place as an. overshoot. Suppose that no 
* rJ., say r.+r .. This J J 
energies are dissi.pated 
other than those used in producing new fracture surface. Then, the 
shaded area ABC can be equated to the shad~d area CDEF for determining 
* the amount of overshoot rj. For the 2024-T3 aluminum which yields 
readily, particularly for the material in the crack ttp region, there 
would be energy loss due to plastic deformation. Such an .effect May 
be significant in multiple cracking and deserves investigation. 
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Figure 6.1. Crack growth at the jt~ increment. 
6.2 Plastic Deformation 
On physical grounds_, not all of th~ energy is available to drive 
the crack. For a typical element, the energy density may be written 
as 
( 6. l) 
~84-
wh~e (dW/dV}P is the portion used to deform the material plastically. 
* Only the portion (dW/dY) would be available to form new fracture sur-
face. Their proportion changes dependtng on the stress/strain state-. 
Comparing the stress/strain states p1: (o1,t: 1) and p2: (a 2,E 2) in Figure 
6..2, note that 
Areafop2g2 1 Area!op1q1 I 
.....---
--r---"'.""T"" ·> .. Area!p 2q2g2 ! · Areajp1q1q1 l 
P2:(02,cz) 
I 
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I 
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Vl I 
Vl 
QJ I 
~ 
+,> I 
Vl 
QJ I 
~ 
~ I 
r I 
I 
I 
I 
0 gl ql q2 q2 
True strain E: 
Figure 6.2. Proportion of plastic ~nd available 
energy density. 
Equation (6.2) is equivalent to 
[(dW/dV)PJ 2 
. * (dW/dV) 2 
[ (dW/dV)pJl 
> * (dW/dV) 1 
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(6.2) 
{"6. 3) 
The ratios of the plastic energy density to available energy density 
at p
2 
is larger than that at p1. Since not all of the energy would be 
available to create new crack surface, the threshold point C now be-
comes the intersection of the dW/dV curve obtained from an elastic-
* plastic stress analysis and the (dW/dV)c curve in Figure 6.3. This 1s 
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Figure 6.3. Crack. growth at the jth increment with plastic 
deformation. 
in contrast to the elastic case in Figure 6.1 where C is the interac-
tion of (.dW/dV)c with the dW/dV curve. The excess energy is no lonqer 
the entire area ABC but the reduced amount A'BC'. Because some of the 
available energy is dissipated in plastic deformation, there would be 
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a corresponding decrease in the amount of overshoot. Consequently, 
crack growth rate accompanied by yielding is expected to be slower 
than the situation when all of the energy is used to drive the crack. 
For materials w·ith low yield strength and low rates of loadinq, 
it is anticipated that the influences of pla~tic deformation and over-
shoot could signi.ficantly affect the formation of multiple cracking. 
These additional effects are beyond the scope of this work and could 
be regard~d as possible future· topics for research. 
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